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1. Introduction

K-theory is a functor that takes higher categories satisfying some conditions to spaces or spectra.

Barwick has defined, in [Bar], a K-theory functor that takes higher categories to simplicial sets.

There is a very nice interpretation of this functor: If X is a topological space, then the K0-group

K0(X) is a Grothendieck ring. Thus if C is an ∞-category, then π0(K(C)) is a Grothendieck ring.

We can also consider a (colored) operad M. Then, K(M) takes values in spectra. Following this

analogy, if C⊗ is a unital ∞-operad, then K(C⊗) must be a stable ∞-category.

We will now turn to Morita theory, which, in the classical context, asks when two rings have

equivalent module categories. When we move to the derived homotopic world, however (see [Sch]),

we can reformulate the question as follows. If R1 and R2 are rings, when are their derived categories

D(R1) and D(R2) equivalent as triangulated categories?

As we saw earlier, if C⊗ is a unital ∞-operad, then K(C⊗) is a stable ∞-category. We can

now ask what additional structure the ∞-operad K(ModO
A(C⊗)⊗) is endowed with. We find that

K(ModO
A(C⊗)⊗) is isomorphic to ModO

A(K(C⊗))⊗. In this interpretation, there is the structure of

an ∞-operad of module objects on K(ModO
A(C⊗)⊗). This is related to the homotopy category of

dg-R-modules. For R a dga, the homotopy category of dg-R-modules is a triangulated category.

The triangulated categories that arise this way are very natural, and thus we may consider them

to be the homotopy categories of stable ∞-categories. Hence we can consider homotopy categories

of K(ModO
A(C⊗)⊗) to get derived categories, which allows us to approach Morita theory through

∞-operads.
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Table 1. Table of analogies

K(C⊗) K(ModO
A(C⊗)⊗)

Stable ∞-category Stable ∞-category of modules over an ∞-operad

hK(C⊗) hK(ModO
A(C⊗)⊗)

Triangulated Category Derived Category

This is summarized in the above table of analogies. In Section 4, we prove the statement that

K(ModO
A(C⊗)⊗) ∼= ModO

A(K(C⊗))⊗, which, as its ubiquity in the preceding paragraphs shows, is es-

sential to the development of the∞-categorical Morita theory and the understanding of equivalences

of derived categories of rings. In Section 5, we show that if the K-theory functor is cocontinuous,

then CAlg(Sp) ⊆ CAlg(K(Cat×∞)), up to equivalence of ∞-categories (Example 5.2). We also intro-

duce a model structure on hK(ModO
A(C⊗)⊗) and provide necessary and sufficient conditions for the

derived categories of rings to be triangulated equivalent.

I would like to thank Dr. Marcy Robertson for providing many suggestions to the content of this

paper. I would also like to thank my parents for supporting me while this paper was being written.

2. Notation

Throughout this paper, we will only use Barwick’s K-theory through the Quillen Q-construction.

By ∞-category we mean a quasicategory. In essence, we will follow Lurie’s notation in [Lura] and

[Lur12]. Additionally, a unital ∞-operad C⊗ is a map C⊗ → N(Fin∗) such that the underlying

∞-category C⊗ is exact (see [Bar]) and hence pointed. As we will see in Section 4, this allows us to

construct K(C⊗).

3. Preliminaries: A brief review of algebras and modules over ∞-operads

In this section, we will provide some brief constructions in the theory of ∞-categorical algebra.

For a more full and precise treatment, we refer the reader to [Lura]. We will now define some

∞-operads that one can construct using a unital ∞-operad C⊗.

Construction 3.1. Let O⊗ be a unital ∞-operad. Denote by KO ⊆ Fun(∆1,O⊗) the full sub-

category of Fun(∆1,O⊗) spanned by semi-inert morphisms in O⊗. Let K0
O denote the full sub-

category of KO spanned by the null morphisms in O⊗. Let PreModO(C⊗)⊗ be the simplicial set

such that for every map of simplicial sets X → O⊗, there is a bijection FunO⊗(X,PreModO(C⊗)⊗) '
FunFun({1},O⊗)(X×Fun({0},O⊗)K

0
O,C

⊗). Let ModO(C⊗)⊗ be the full simplicial subset of PreModO(C⊗)⊗

spanned by vertices v such that if v = q(v) ∈ O⊗, then v determines a functor {v} ×O⊗ KO → C⊗

which carries inert morphisms to inert morphisms, where q : PreModO(C⊗)⊗ → O⊗.

Construction 3.2. Let p : C⊗ → O⊗ be a fibration of ∞-operads and suppose there are ∞-

operads α : O′⊗ → O′. Let AlgO′/O be the full subcategory of FunO⊗(O′⊗,C⊗) spanned by maps

of ∞-operads. If O′⊗ ∼= O⊗ then AlgO′/O(C⊗) is denoted as Alg/O(C⊗). If O⊗ ∼= N(Fin∗), then

Alg/O(C⊗) is written as CAlg(C⊗).

Construction 3.3. Define a set PreAlg/O(C⊗) with a map PreAlg/O(C⊗)→ O⊗ so that the follow-

ing is satisfied: for every simplicial setX with a mapX → O⊗, there is a bijection FunO⊗(X,PreAlg/O(C⊗)) '
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FunFun({1},O⊗)(X ×Fun({0},O⊗) KO,C
⊗). Then we define AlgΦ

/O(C⊗) as the full simplicial subset of

PreAlg/O(C⊗) spanned by those vertices F : {Y }×Fun({0},O⊗) K0
O⊗ → C⊗, where Y ∈ O⊗, preserves

inert morphisms. Here, K0
O⊗ is the full subcategory of KO⊗ spanned by the null morphisms in O⊗.

This previous construction will be used to define another ∞-operad:

Construction 3.4. Let O⊗ be a unital ∞-operad. Then let ModO(C⊗)⊗ denote the fiber product

ModO(C⊗)⊗×AlgΦ
/O

(C⊗) (O⊗×Alg/O(C⊗)). Let A ∈ Alg/O(C⊗). The unital ∞-operad ModO
A(C⊗)⊗

denotes the fiber product ModO(C⊗)⊗ ×AlgΦ
/O

(C⊗) {A} ' ModO(C⊗)⊗ ×Alg/O(C⊗) {A}, given by an

equivalence Alg/O(C⊗) ' AlgΦ
/O(C⊗), which in turn is induced by the equivalence ModO(C⊗)⊗ '

ModO(C⊗)⊗.

We refer to ModO
A(C⊗)⊗ as the ∞-operad of O-module objects over A.

Lemma 3.5. There is a stabilization from the first iteration of ModO
A(C⊗)⊗, i.e.,

ModO
A(ModO

A(· · · (ModO
A(C⊗)⊗) · · · )⊗)⊗ is equivalent to ModO

A(C⊗)⊗.

Proof. We will abuse notation by identifying A ∈ Alg/O(C⊗) with its image under the free functor

Free : Alg/O(C⊗) → Alg/O(ModO
A(C⊗)⊗). Additionally, the image of A under the free functor

Free will be identified with itself under the forgetful functor Forgetful : Alg/O(ModO
A(C⊗)⊗) →

Alg/O(C⊗).

By [Lura, Corollary 3.4.1.9], there is a canonical equivalence ModO
A(ModO

A(C⊗)⊗)⊗ ' ModO
A(C⊗)⊗.

This is the base case. Let us assume that ModO
A(ModO

A(· · · (ModO
A(C⊗)⊗) · · · )⊗)⊗ ' ModO

A(C⊗)⊗

holds true, where ModO
A is iterated n times in ModO

A(ModO
A(· · · (ModO

A(C⊗)⊗) · · · )⊗)⊗.

Let ModO
A(ModO

A(· · · (ModO
A(C⊗)⊗) · · · )⊗)⊗ = S⊗. Since ModO

A(ModO
A(S⊗)⊗)⊗ ' ModO

A(S⊗)⊗,

it is true that ModO
A(ModO

A(· · · (ModO
A(C⊗)⊗) · · · )⊗)⊗ ' ModO

A(C⊗)⊗ holds, where ModO
A is iterated

(n+ 1) times in ModO
A(ModO

A(· · · (ModO
A(C⊗)⊗) · · · )⊗)⊗. �

4. The Main Theorem

Unless otherwise mentioned, C⊗ is a unital ∞-operad.

Definition 4.1. Let O(∆n) denote Map(∆n,op ? ∆n,∆n), where ? is the concatenation operation

on ∆. Let ModO
A(C⊗)⊗† and ModO

A(C⊗)⊗,† be subcategories of ModO
A(C⊗)⊗ that contain all the

equivalences. Call a pullback square X = X ′ ×Y ′ Y ambigressive if X ′ → Y ′ and Y → Y ′ are

morphisms of ModO
A(C⊗)⊗† and ModO

A(C⊗)⊗,† respectively.

Definition 4.2. A functor X : O(∆n) → ModO
A(C⊗)⊗ is ambigressive if for integers 0 ≤ i ≤ k ≤

` ≤ j ≤ n, the square Xij = Xi` ×Xk`
Xkj is an ambigressive pullback.

Definition 4.3. Let Q(ModO
A(C⊗)⊗) denote the ∞-category whose n-simplices are ambigressive

functors O(∆n)op → ModO
A(C⊗)⊗. Then we call ΩQ(ModO

A(C⊗)⊗) the K-category of ModO
A(C⊗)⊗

or K(ModO
A(C⊗)⊗).

Recall that Q(C⊗) has as n-simplices are ambigressive functors O(∆n)op → C⊗ and Q(ModO
A(C⊗)⊗)

has as n-simplices are ambigressive functors O(∆n)op → ModO
A(C⊗)⊗. There are forgetful functors

ModO
A(K(C⊗))⊗ → K(C⊗) and ModO

A(C⊗)⊗ → C⊗. Consider an ambigressive functor O(∆n)op →
3



ModO
A(C⊗)⊗. Then since there is a forgetful functor and the composition of an ambigressive functor

with a forgetful functor is itself an ambigressive functor, there is a canonical ambigressive functor

O(∆n)op → C⊗ for every ambigressive functor O(∆n)op → ModO
A(C⊗)⊗, given by the composition

O(∆n)op → ModO
A(C⊗)⊗ → C⊗. Thus there exists a forgetful functor K(ModO

A(C⊗)⊗)→ K(C⊗).

Since there exists an isomorphism K(C⊗) ∼= K(C⊗), we expect some inclusion relating K(ModO
A(C⊗)⊗)

and ModO
A(K(C⊗))⊗. If K(ModO

A(C⊗)⊗) ⊃ ModO
A(K(C⊗))⊗ holds, then ModO

A(K(ModO
A(C⊗)⊗)) ⊃

ModO
A(ModO

A(K(C⊗))⊗), and ModO
A(ModO

A(K(C⊗))⊗) ' ModO
A(K(C⊗))⊗. However, this implies the

existence of a forgetful functor K(C⊗)→ K(ModO
A(C⊗)⊗) for all O⊗. This is a contradiction by the

preceding paragraph.

Summarizing, we have the following.

Lemma 4.4. It is impossible to have the inclusion K(ModO
A(C⊗)⊗) ⊃ ModO

A(K(C⊗))⊗.

Corollary 4.5. K(C⊗) 6⊂ K(C⊗), where K(C⊗) is the Barwick K-theory (through the Quillen Q-

construction) of a unital ∞-operad C⊗. Hence K(C⊗) is ω-small.

The above corollary will have a very important role in the reasoning leading up to our main

theorem.

We know that K(ModO
A(C⊗)⊗) ⊃ ModO

A(K(C⊗))⊗ is impossible, so we must have an inclusion

K(ModO
A(C⊗)⊗) ⊆ ModO

A(K(C⊗))⊗. However when O⊗ = E0, there is an inclusion K(C⊗) ⊆ K(C⊗),

i.e., either K(C⊗) ∼= K(C⊗) or K(C⊗) ⊂ K(C⊗). Since the second of these is impossible by Corollary

4.5, an isomorphism K(ModO
A(C⊗)⊗) ∼= ModO

A(K(C⊗))⊗ must exist.

Theorem 4.6. There is an isomorphism K(ModO
A(C⊗)⊗) ∼= ModO

A(K(C⊗))⊗.

5. Examples

5.1. CAlg(Sp) ⊇ CAlg(K(Cat×∞)).

Lemma 5.1. Alg/O(K(C⊗)) ' K(Alg/O(C⊗)) if K preserves coequalizers.

Proof. If K preserves coequalizers, then there is the following commutative diagram:

(1) Alg/O(K(C⊗))

ModO(K(C⊗))⊗

66

∼=
��

ModO
A(K(C⊗))⊗oo

∼=
��

// {A}

gg

∼=
��

K(ModO(C⊗)⊗)

((

K(ModO
A(C⊗)⊗)oo // K({A})

ww
K(Alg/O(C⊗))

It automatically preserves coproducts as it is an (extraordinary) cohomology theory. Then there is

an obvious equivalence of ∞-categories Alg/O(K(C⊗)) ' K(Alg/O(C⊗)). �
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Example 5.2. Let O⊗ = E⊗∞ and C⊗ = Cat×∞. Then we can use Lemma 5.1 to show that

Alg/E∞(K(Cat×∞)) ' K(Alg/E∞(Cat×∞)). However since K : Alg/E∞(Cat×∞) → Alg/E∞(Sp), there is

a natural inclusion Alg/E∞(K(Cat×∞)) ⊆ Alg/E∞(Sp) that holds up to an equivalence of∞-categories

if K preserves coequalizers. Thus an E∞-algebra object of K(Cat×∞) is an E∞-ring if the hypothesis

of Lemma 5.1 holds.

5.2. Morita Theory through ∞-operads.

5.2.1. A model structure on hK(ModO
A(C⊗)⊗).

Remark 5.3. In apparent contrast to this subsection’s title, we will actually define a model struc-

ture on hModO
A(K(C⊗))⊗. However, this will not cause any problems since by Theorem 4.6 this

naturally defines a model structure on hK(ModO
A(C⊗)⊗). One advantage of doing this is that

hModO
A(K(C⊗))⊗ already admits finite limits and colimits.

We will first construct the class of weak equivalences of hModO
A(K(C⊗))⊗. In order to do so, we

will provide the following interpretation of the objects of hModO
A(K(C⊗))⊗.

Interpretation 5.4. Objects of hModO
A(K(C⊗))⊗ are pairs (v,A), for v ∈ ModO(K(C⊗))⊗ and

A ∈ AlgO′/O(K(C⊗)).

Definition 5.5. Let f, g : v → v′ be maps in ModO(K(C⊗))⊗. They are homotopic if there is a

2-simplex ∆2 → ModO(K(C⊗))⊗:

v′

idv′ ��
v

f

??

g
// v′

Construction 5.6. Objects (v,A) and (v′, A) of ModO
A(K(C⊗))⊗ are weakly equivalent if every map

f : v → v′ is homotopic (Definition 5.5) to every other map v → v′. We say f is a weak equivalence

if v and v′ are weakly equivalent and f : v → v′.

One can easily check the 2-out-of-3 property for weak equivalences. We can now complete the

definition of the model structure by defining the cofibrations and fibrations as the weak equivalences.

Notation 5.7. In order to clarify notation, the model-theoretic homotopy category will be denoted

HoK(ModO
A(C⊗)⊗) and the homotopy category of K(ModO

A(C⊗)⊗) as an∞-category will be denoted

hK(ModO
A(C⊗)⊗).

5.2.2. Morita Theory.
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Theorem 5.8. Let F : K(ModO
A(C⊗)⊗) → K(ModO′

A′(C
⊗)⊗) be as in the following commutative

diagram:

(2) ModO
A(K(C⊗))⊗

∼=
��

F // ModO′

A′(K(C⊗))⊗

∼=
��

K(ModO
A(C⊗)⊗)

��

F // K(ModO′

A′(C
⊗)⊗)

��

hK(ModO
A(C⊗)⊗)

∼=
��

LF // hK(ModO′

A′(C
⊗)⊗)

∼=
��

D(R1)
' // D(R2)

Then the following statements are equivalent:

(1) F is an equivalence of ∞-categories.

(2) The induced functor LF is a Quillen equivalence with the above defined model structure.

(3) LF preserves weak equivalences.

(4) The derived categories D(R1) and D(R2) are equivalent as triangulated categories.

(5) There is a Quillen equivalence: ChR1 'Q ChR2 .

Proof. 1⇐⇒ 4 is obvious from Diagram 2. Every equivalence of∞-categories is right exact and thus

exact. Hence it preserves finite limits and colimits, so we can define adjunctions (LG!,LF,LG!). If

the derived categories D(R1) and D(R2) are equivalent as triangulated categories and LF preserves

weak equivalences, then by Diagram 2, one can conclude that LF is a Quillen equivalence. Con-

versely, if LF is a Quillen equivalence, then the derived categories D(R1) and D(R2) are equivalent

as triangulated categories and LF preserves weak equivalences, so 2 ⇐⇒ 4. One can also easily

show that 3⇐⇒ 4, so that 1⇐⇒ 2⇐⇒ 3⇐⇒ 4. [DS] contains a proof of 4⇐⇒ 5. �

Remark 5.9. There are in fact additional statements that can be added to the above theorem; see

[DS, Theorem 4.2].

Remark 5.10. The above theorem is a “semi-∞-categorification” of [DS, Theorem A].

Lemma 5.11. The model-categorical homotopy category of ChR1
is isomorphic to HoK(ModO

A(C⊗)⊗).

Proof. This follows from the generalized tilting lemma; see [Sch, Generalized Tilting Lemma]. �

6. Some Applications of Theorem 5.8

6.1. (Partially) Recovering a well-known homotopy equivalence. It follows from Lemma

5.11 that the objects of K(ModO
A(C⊗)⊗) are naturally chain complexes. Hence we obtain a natural

adjunction:

K(ModO
A(C⊗)⊗)

F−→
G←− Ω

∣∣∣NwS•(ModO
A(C⊗)⊗)

∣∣∣
6



Here Ω
∣∣∣NwS•(ModO

A(C⊗)⊗)
∣∣∣ is Waldhausen’s S•-construction. These maps can be explicitly defined

by letting F take weak equivalences to differentials (in the chain complexes of R1-modules) and G

do exactly the opposite. This induces a homotopy equivalence:

K(ModO
A(C⊗)⊗) 'homotopy Ω

∣∣∣NwS•(ModO
A(C⊗)⊗)

∣∣∣
Since K(ModO

A(C⊗)⊗) ∼= ModO
A(K(C⊗))⊗.

Hence we have recovered a special case of the homotopy equivalence between the Quillen Q-

construction and the Waldhausen S•-construction in the case when O⊗ is the unital ∞-operad

ModO
A(C⊗)⊗:

K(O⊗) 'homotopy Ω
∣∣NwS•(O⊗)

∣∣
6.2. Applications to Ring Spectra. There is an adjunction of maps between ∞-categories:

E∞RingSpectra

Forg−−−→
Free←−−− Ring

Thus if there is a map f : R1 → R2 in Ring that induces a map on the module categories f! :

Mod-R1 → Mod-R2, there is an induced map Free(f) : Free(R1) → Free(R2) which induces a

map on the module categories of E∞-ring spectra that preserves the weak equivalences (and hence

cofibrations and fibrations) in Mod-R induced from D(R) by the reflective inclusion Mod-R
→←

D(R): Free(f)! : Mod-Free(R1) → Mod-Free(R2). The following theorem gives many equivalent

conditions for checking when module categories of E∞-ring spectra are Quillen equivalent with the

model structure induced by Free(f)!:

Theorem 6.1. Consider the following expanded form of Diagram 2:

(3) ModO
A(K(C⊗))⊗

∼=
��

F // ModO′

A′(K(C⊗))⊗

∼=
��

K(ModO
A(C⊗)⊗)

��

F // K(ModO′

A′(C
⊗)⊗)

��

hK(ModO
A(C⊗)⊗)

∼=
��

LF // hK(ModO′

A′(C
⊗)⊗)

∼=
��

D(R1)

��

' // D(R2)

��
Mod-R1

Free(f)!

��

' // Mod-R2

Free(f)!

��
Mod-Free(R1)

'Q // Mod-Free(R2)

If one of the equivalent conditions in Theorem 5.8 holds, then Free(f)! induces a Quillen equivalence

Mod-Free(R1) 'Q Mod-Free(R2).

7



7. Future Directions

In Diagram 2, nowhere did we talk about to which pair of ∞-operads (C⊗,O⊗) what rings R1

will be assigned. In this section we will attempt to do so. We will not be very formal or rigorous in

order to give an idea of what we are attempting to do.

Let ∞Op be the ∞-bicategory of ∞-operads. Then since we begin with pairs of ∞-operads

(C⊗,O⊗) and end with a ring R1 we would like a composition of maps between ∞-categories:

∞Op ×∞Op → E∞RingSpectra
Decat−−−→ Ring. We will break down each of these maps to give an

“explicit” definition of the above composition.

In order to define the map ∞Op ×∞Op → E∞RingSpectra, we will consider the map ∞Op ×
∞Op → ∞Op that takes (C⊗,O⊗) 7→ C⊗ ⊗BV O⊗ where ⊗BV is a suitable generalization of

the Boardman-Vogt tensor product to the ∞-context. We can then consider the map ∞Op →
CAlg∞Op, where CAlg∞Op is the category whose objects are isomorphic to∞-categories CAlg(C⊗)

for C⊗ ∈ ∞Op.

To complete this construction, we will have to define a map CAlg∞Op→ CAlg(Sp) = E∞RingSpectra.

However, we have not found a suitable map. This will be discussed in future papers. One may also

use the ideas presented above to generalize the theory of derived categories of algebras over operads

as presented in [BM]. This will also be discussed in future papers.

One other thing we will not study is the classification of ω-small grouplike E∞-algebras in Top.

Barwick [Bar] has shown that Q(C⊗), and hence K(C⊗), has an infinite delooping, so it has the

structure of an infinite loop space. Hence the classification of ω-small grouplike E∞-algebras in Top

will assist us in explicitly computing K(C⊗) of a unital ∞-operad.

References

[Bar] Clark Barwick. On the algebraic K-theory of higher categories. Journal of Topology. To appear.

[BM] Clemens Berger and Ieke Moerdijk. On the derived category of an algebra over an operad. arXiv:0801.2664v2

[math.AT].

[DS] Daniel Dugger and Brooke Shipley. K-theory and derived equivalences. arXiv:math/0209084v1 [math.KT].

[Lura] Jacob Lurie. Higher algebra. Available online in PDF.

[Lurb] Jacob Lurie. Rotation invariance in k-theory. Available online in PDF.

[Lur12] Jacob Lurie. Higher Topos Theory. Princeton University Press, Princeton, New Jersey, 2012.

[Sch] Stefan Schwede. Morita theory in abelian, derived, and stable model categories. In Structured ring spectra

and their applications.

8


